This paper investigates whether information from foreign yield curves helps forecast domestic yield curves out-of-sample. A nested methodology to forecast yield curves in domestic and international settings is applied on three major countries (the US, Germany and the UK). This novel methodology is based on dynamic factor models, the EM algorithm and the Kalman …lter. The domestic model is compared vis-á-vis an international one, where information from foreign yield curves is allowed to enrich the information set of the domestic yield curve. The results have interesting and original implications. They reveal clear international dependency patterns, strong enough to improve forecasts of the German yield curve and to a lesser extent of the UK one. The US yield curve exhibits a more independent behaviour. In this way, the paper also generalizes anecdotal evidence on international interest rate linkages to the whole yield curve.
Introduction
This paper addresses a simple yet important question: Does information from foreign yield curves help improve domestic yield curve forecasts? To the extent that this happens, international dependency patterns among yield curves of di¤erent countries can be attested and their strength measured based on their relative out-of-sample forecast content. We investigate these implications in an e¤ort to extend the yield curve forecast literature towards the international direction.
Our up to date knowledge on dependency patterns among yields curves of di¤erent countries is limited.
Looking at the yield curve literature, the empirical evidence to-date informs us of strong contemporaneous dynamic interdependencies of yield curves across countries, in line with increased globalization and …nancial integration. The aim of the relevant studies is to demonstrate the existence of common factor(s) explaining a signi…cant part of individual country yields (see Dewachter focusing on speci…c interest rates, which look at the role of certain countries as global players. Evidence from these studies suggests a leading role for the US. Moreover, dependency patterns recorded in the real business cycles between the US and the euro area (Giannone and Reichlin, 2007) can also rationalize such linkages, to the extent that output a¤ects nominal interest rates (Ang and Piazzesi, 2004) . Building on this evidence, we investigate the existence of such lead-lag relationships in the yield curve and whether they are strong enough to improve our domestic forecast of the whole yield curve, out-of-sample.
We propose, estimate and forecast (out-of-sample) a novel dynamic factor model for the yield curve, where information from foreign yield curves can be introduced in domestic yield curve forecasts. We want to compare the forecast accuracy of our international model versus a purely domestic model. In order to do that, we …rst summarize the information contained in each domestic yield curve into three countryspeci…c dynamic factors. We then exploit the dynamic structure of the factors to produce forecasts. Domestic forecasts will be produced purely from the domestic factors, whereas international forecasts will be produced by the interaction of domestic factors with foreign factors in a vector autoregression setting.
As a consequence, under the international model domestic factor forecasts are enriched with information from foreign factors. Finally, we reconstruct future yields from the factor forecasts and compare the forecasts under the domestic and the international approach. In that sense, the international model nests the domestic model and allows direct forecast comparisons. 1 In this paper, the terms dependency patterns, causality linkages and lead-lag relationships are used interchangeably.
Our estimation method employs Maximum Likelihood (ML) techniques based on the EM algorithm and the Kalman …lter (Doz et al., 2006; Coroneo et al., 2007) , in order to e¤ectively cope with two main estimation challenges. The …rst is to impose restrictions in order to identify the factors driving the yield curve as level (L), slope (S) and curvature (C) according to the methodology of Diebold and Li (2006) 2 . This technique allows the generalization of our modeling methods and our forecast results to the whole yield curve 3 . The second is to use an extensive data set consisting of a large cross-section of yields for three countries (US, Germany and UK). Previous international yield curve techniques involved two-step procedures, where the L, S and C factors of each country were typically extracted outside the maximization process, mainly because the econometric tools being used were prohibiting the use of estimation methods with embedded restrictions for a large cross-section of data ).
Our estimation method sidesteps these problems and allows us to directly estimate our yield curve factors from multi-country information sets, while imposing the necessary identifying restrictions (Coroneo et al., 2007) .
Our results reveal dependency patterns among the countries considered and provide ample support for the international model in forecasting the yield curves of the dependent countries. In fact, we show that international yield curve linkages can signi…cantly improve forecasts of some countries. On the contrary, more independent countries in the international setting, i.e. not so much in ‡uenced by international information, appear not to bene…t largely from the international model. More precisely, we …nd that German yield curve forecasts are signi…cantly improved by including information from the US and the UK, thus suggesting a dynamic dependency of Germany on these two countries. The relationship appears unidirectional for the US, where the domestic model appears to provide superior forecasts, con…rming the leading role of the US. Finally, the UK is partly in ‡uenced by international linkages, mainly at longer forecast horizons. Our results suggest clear dependency patterns among the countries considered. They are broadly in line with previous anecdotal empirical evidence on speci…c interest rates, but generalize these …ndings for the whole yield curve.
Overall, this paper makes several important contributions: First, we record, for the …rst time, international dependency patterns for the whole yield curve. Previous yield-curve literature has focused on contemporaneous relationships and empirical evidence of dependency patterns has emerged in the 2 The Diebold and Li (2006) model is ‡exible enough to capture the changing shape of the yield curve, yet it is parsimonious and easy to estimate. This is especially important within our context, where the multiplicity of countries puts further strains on the estimation procedure. 3 This is possible, since the imposed restrictions adequately summarize all possible maturities contained in a yield curve.
Should the coe¢ cients not be identi…ed, then we would not be able to generalize our results to all maturities, observed or unobserved, therefore we could not talk about the "yield-curve".
literature for speci…c interest rates only. We now extend such evidence to the whole yield curve. Second, we do that in a robust way, by means of out-of-sample forecasts. Evidence on international dependencies among speci…c interest rates has relied on a variety of in-sample …t techniques 4 . Third, we extend the yield curve forecast literature to the international direction. The relevant forecast literature has used, up to now and to the best of our knowledge, only domestic information. We show that using an international model can help improve forecasts for certain countries. Under this light, our results support a more outward-looking perspective in modeling …nancial variables.
The paper is structured as follows. Section 2 discusses the potential sources of interest rate linkages in the literature, while also providing a more detailed view of the relevant empirical literature. Section 3 presents the factor model speci…cations used in this paper and elaborates on the estimation and forecast methodologies being used. Section 4 gives an overview of the data used and their sources. Section 5 analyzes the estimation results, and Section 6 summarizes.
International linkages in interest rates
In order to discuss the driving forces of international interest rate linkages, a distinction should be made between contemporaneous and causality international linkages. Globalization, the degree of …nancial integration of the domestic economy into world markets and the degree of real integration play a prominent role in synchronizing the movements of fundamental factors determining interest rates across countries (Borio and Filardo, 2007; Rogo¤, 2006; Frankel et al., 2004) . On the other hand, international dependency patterns rely on the distribution of shocks globally. Namely, the nature of global shocks, to the extent that these shocks are being distributed globally in an asymmetric manner, could rationalize di¤erent types of dependency patterns. Asymmetric distribution could result from heterogeneity in adjustment dynamics of interest rates across countries, e.g. due to di¤ering degrees of …nancial or economic integration 5 .
The up-to-date empirical literature on international yield curve linkages provides evidence of contemporaneous linkages. It focuses on investigating the existence and the nature of global factors driving the yield curve. The evidence suggests that the number of these factors may vary, depending on the methodology and the nature of the factors. For example, using static factor analysis, Driessen et al. 4 The exception is Wang et al. (2007) , who perform out-of-sample Granger causality tests for individual rates. 5 For example, Frankel et al. (2004) suggest the di¤erent degrees of development of the …nancial system and the openness of the capital account as potential factors contributing to asymmetric adjustment processes.
allowed for local factors and report a single common (international) factor. Dewachter and Maes (2001) propose and estimate an a¢ ne term structure model of the interdependencies between two countries, the US and the UK. . 7 The role of exchange rates in yield curve modeling has been brought forward by Dewachter and Maes (2001) . Focusing on interest rate di¤erentials, Chinn and Frankel (2005) suggest a dichotomy of interest rate di¤erentials into a country premium (determined by such factors as capital controls, transaction costs, imperfect information, default risk, tax di¤erentials, and risk of future capital controls) and a foreign exchange risk premium (determined by expected depreciation plus the exchange risk premium). 8 How does this paper …t into this literature? This paper investigates the existence of lead-lag international yield-curve linkages and tests their strength using out-of -sample forecast techniques. Ultimately, it investigates whether international linkages help improve domestic forecasts. In so doing, it contributes signi…cantly to both strands of research examined above. It expands the international yield curve literature towards forecasting and generalises evidence on dependency patterns across countries for the whole yield curve.
Methodology
We use a dynamic factor model and maximum likelihood estimation techniques based on the EM algorithm to estimate and forecast out-of-sample the yield curve in domestic and international settings. We summarize the yield curve of each country into three dynamic factors and we forecast the yields by forecasting the factors. The domestic setting allows only own factor information (single autoregression), whereas the international setting allows information from all countries factors (vector autoregression).
In this way, the international framework is a straightforward extension of the domestic and the exercise can be seen as an out-of-sample dependency test 9 . Our estimation window starts from January 1986
to December 1999 and our evaluation window extends from January 2000 to May 2006. We use as a benchmark a simple random walk model (RW) and compare the relative forecasting power of each model against the benchmark.
Overall, we compare the domestic with the international model in two formulations: The domestic yields-only model, where the L, S and C factors of each country are extracted purely from domestic yields and their forecasts use own information only and the international yields-only model, where the L, S and C factors of each country are extracted purely from domestic yields but their forecasts use information from all countries. We structure the models in such way so that the international model nests the domestic one, thereby providing direct comparison between the two formulations.
We explore the dynamic dependencies between Germany, the US and the UK. German yields are dynamically dependent on international yields, if including information from the latter improves German forecasts. The link is bidirectional if German information also helps forecast foreign yields. The same principle holds for the other countries. In that sense, our methodology acts as an out-of-sample dependency test on the whole term structure of interest rates, thus providing generalized evidence on dynamic dependencies across countries.
Finally, the use of ML techniques combined with the EM Algorithm and the Kalman Filter is the ideal methodology for our approach. It is the only one that allows us to consistently estimate large cross sections (Doz et al.,2006) , while at the same time e¤ectively deal with restrictions in the factor loadings (Coroneo et al., 2007) . We can, therefore, exploit information from an extended data set, while at the same time generalize our results to the whole yield curve, in a simple one-step estimation process. We thereby sidestep estimation issues which were up-to-know barring similar routes of research in this …eld.
Modeling the yield curve using a dynamic factor model
Dynamic factor models capture the common features (correlations) among economic series within unobserved common factors. In contrast to static factor models (i.e. principal components), dynamic factor models allow the underlying factors to evolve dynamically, so they have the advantage of measuring contemporaneous and temporal comovements among the variables. Such models were originally proposed 9 Out-of-sample Granger causality tests are more powerful and robust tests than the respective in-sample ones, since they convey the maximum amount of information for testing the 
where Y t is a vector containing the cross-section of observed yields at time t, i. 
An international factor model for the yield curve
Our methodology extends the line of Diebold and Li (2006) to the international setting, resulting to the international yields-only model. In this case, we consider a vector Y t containing information on the yields of more than one country (in our case three countries, Germany, US and the UK). The main idea remains that we summarize the information from each country's yield curve into three country-speci…c yield factors contained in vector F t ; and a country-speci…c yield pricing error " In a general form, our model looks like: 
which are assumed to be zero mean, contemporaneously uncorrelated, normal random variables. In this setting we need to estimate only the factors contained in F . It is important to stress that the factors estimated in F , are still domestic factors and the only di¤erence from the domestic model, up until this point is that the estimation involves more than one countries contemporaneously.
It is the transition equation that makes the distinction between the domestic and the international model clear. This is achieved by modeling in a vector autoregressive (VAR) framework the same class of factors across countries, thereby allowing interactions across factors of di¤erent countries. More speci…cally, for the yields-only (macro-yields) model, the factors contained in F t are modeled separately as a …rst-order vector autoregressive or VAR(1) process. The order of lags has been selected based on Bayesian information criteria. The transition equation for each of the factors across countries, is
where ' corresponds to L; S, C, i.e. ' = fL; S; Cg. A ' contains the autoregressive coe¢ cients that measure the persistence of the factors. It is a full matrix, thereby allowing international interactions among the factors of each country. Although we allow international spill-overs among countries we do not do so among the factors themselves. For example, L U S (S U S , C U S ) can a¤ect only the L GE (S GE ; C GE ) and vice-versa. This is a plausible assumption, given that the correlation among the same class of factors of di¤erent countries is high, whereas the correlation among di¤erent classes of factors is low (Diebold et al., 2006) . Finally, w t is the innovation vector with components that are zero mean, contemporaneously uncorrelated normal random variables, orthogonal to the common factors, E(F t w 0 t ) = 0 and the idiosyncratic component E(" t w 0 t ) = 0.
For exposition purposes we fully demonstrate the dynamics of the level factor, L t , across countries:
In sum, the structure of our domestic versus the international model speci…cation now becomes clear.
The domestic model uses purely domestic information, since it contain yields only from country c in the Y t vector. For example, for c=GE, the domestic model for Germany will only contain the cross section of
German yields in the Y t vector. L GE ; S GE ,C GE will summarize information from the domestic Y t vector and evolve without receiving feedback from each other, or from foreign sources. In the international model the Y t vector contains yields from all c countries. In that case, the country-speci…c L c ; S c , C c factors summarize the yield curve information of their respective countries, but international feedback across the same class of factors will be allowed to form their evolution. Should international information add further value, the evolution of the factors will be di¤erent under the international model.
Two things, therefore, become apparent. First, the international model is an extension of the domestic model when it comes to the dynamic evolution of the yield curve factors. In this sense, it can be seen as an out-of-sample dependency test, since information from other countries helps forecast the domestic yield curve out-of-sample. Second, in this paper we are not interested in establishing global factors driving the domestic yield curves (as is the case of i.e. Diebold and Li, 2006) . Rather, we only care to provide a framework where international information can be introduced in an e¢ cient and ‡exible way into the information set of the each country and be used to forecast each country's yield curve.
Forecasting the yield curve
This section describes the procedure we use to forecast the yield curve based on the domestic and the international model. Our benchmark is a naive RW forecast, where the best forecast for a given yield today is yesterday's value. We employ a recursive forecast exercise on each model, which can be described as follows: We start with a sub-sample of our data (from January 1986 to December 1999) and apply the EM algorithm to extract the underlying factors and estimate the parameters. Based on these estimates
we produce out-of-sample forecasts, one, six and twelve steps ahead (h = 1; 6; 12), using the iterative forecast method, with:
where (A ' ) h is the A ' matrix raised to the power h. Given the forecast of the factors it is now easy to revert the procedure in Section 2.3 and derive the forecast of the whole yield curve as
To continue, we compare the forecasted value with the actual value of the yield and calculate the squared forecast error (SFE). We then include one more observation (actual value) in our sample and start again the extraction, estimation, forecast and evaluation of the new sample period. The repetitions last until we reach the full length of our sample, by which time we have a series of SFE. We take the mean of the SFE (MSFE) series as a measure of the model's forecasting accuracy. The lower the MSFE measure, the more accurate the forecast.
This procedure is followed both for the domestic model and the international model. Our focus rests entirely on comparing these two models, however we also introduce naive RW forecasts for the interest rate series, where b Y t+h = Y t for all h, as a standard benchmark in this literature. We, therefore, display the forecasting performance of the domestic and international model relative to the RW forecast. The lower the MSFE ratio between the model-based forecast and the RW, the higher the forecasting accuracy.
A ratio of unity (1) indicates equal forecasting power between the chosen model and the RW model. A ratio of less than unity suggests that the chosen model's forecast outperforms the RW forecast.
To formalize our forecasting results, we apply White's (2000) "reality check". This is a test of superior forecast accuracy, where a benchmark model can be tested among a number of potential alternative models. The null hypothesis is that none of the alternative speci…cations has superior forecast accuracy than the benchmark. We implement the model in the following fashion: First, we take the international model as a benchmark versus the domestic and RW models. Should we accept the null, it means that none of the alternative models has superior forecast accuracy. However, to establish that our model is superior, we cross-check by running pairwise bootstrap tests, following Hördahl et al. (2005) . In these tests we alternate the benchmark between the RW and the domestic model and run the tests for each benchmark vs. the international model. Should we reject the null in both cases, it means that the international is indeed the best forecast.
Data
We use an extensive data set, which consists of monthly zero-coupon bond yield series for three major countries, Germany, the US and the UK for a period spanning a common sample from January 1986 to May 2006. Bond yield maturities range from 1 year to 10 years (i.e. m = 1 to 10 years). Our source is the Bank for International Settlements (BIS), which accumulates zero-coupon data for a large panel of countries, provided by the respective central banks.
Results
In this section we present the statistical results of our forecast exercise for the di¤erent model speci…cations and interpret the …ndings in the light of international dependencies among the countries considered. The statistical …ndings are summarized in Tables 1 to 6. Tables 1, 2 and 3 present our forecast results for Germany, the US and the UK respectively. Tables 4 to 6 present the bootstrap tests for superior forecasting accuracy between the international and the domestic model for each country.
Analysis
Comparing the international with the domestic model, our results suggest clear forecasting patterns for each country: The international model proves to be a very good forecasting tool for countries dependent on international information (in a statistical sense). Looking separately at each country, we observe the following:
For the case of Germany, the international model beats the domestic model. This is a general result that holds for all maturities, all forecast horizons and all model speci…cations. The international model (All) produces consistently lower MSFE ratios (Table 1 ) which tend to decline on average with longer forecast horizons. For the 6 and 12 steps ahead horizons, the lowest MSFE are recorded for maturities in the medium term, around 5 years. This …nding might suggest the e¤ect of similar dependency patterns on business cycles, which would tend to a¤ect interest rates in the medium to long term horizons (Giannone and Reichlin, 2006 have provided evidence on German business cycles being a¤ected by the US ones).
These readings are con…rmed by the bootstrap tests (Table 4 ). The White test shows that the null of no other superior model is generally accepted (Benchmark: All), whereas the pairwise bootstrap test con…rms that the alternative international forecast is indeed superior than the domestic one (Benchmark:
GE). Moreover, we …nd that the international model has superior forecasting accuracy compared to the RW for longer forecast horizons whereas for short forecast horizons the two models perform equally well (Benchmark RW).
We …nd the opposite results for the US. In fact, adding information from Germany and the UK to the domestic US model does not improve forecasting power in a statistically signi…cant sense (yieldsonly model). MSFE appear to be very close to unity for almost all model speci…cations, horizons and maturities, suggesting that the di¤erent models have equal forecasting accuracy (Table 4) . Indeed, evidence from the bootstrap tests (Table 5) con…rms this result (i.e. the null is not rejected in any case), therefore suggesting equal forecasting accuracy for all three models (i.e. the MSFE are not statistically signi…cant from unity).
The results on the UK appear someway in between German and US results. Adding international information appears to signi…cantly improve forecasts (in medium term maturities for 6 steps ahead forecasts and for almost all maturities for 12 steps ahead forecasts). In that case MSFE drop below unity (Table3), in what appears to be a statistically signi…cant drop (the pairwise tests in Table 6 suggest that the alternative international model is superior, whereas the white's test does not reject the null of no other model's superiority). Therefore, the domestic model clearly outperforms the two others for long horizon forecasts. For the rest of cases the three models have equal forecasting power (i.e. MSFE are not statistically di¤erent from unity). Looking at the behaviour of the MSFE across maturities, we observe the same pattern as in the case of Germany, i.e. MSFE drop to their lowest point at medium term maturities, around 5 years (for the case of 6 and 12 steps ahead). This, as previously mentioned, might suggest some similar patterns in output driving interest rates at these maturities.
Assessment
Our main empirical question of whether the inclusion of international information helps improve the predictability of a domestic series can be viewed as an out-of-sample Granger causality test. In that light, our results reveal dependency patterns with clear directions. Germany and the US appear at the two ends of the spectrum, with the …rst pro…ting greatly from international information while the second being su¢ cient on domestic information. The UK appears to lie mid-way. In other words, our …ndings suggest a more independent role for the US in the international environment (i. 
Conclusion
This paper presents a novel methodology to explore international dependency linkages among yield curves of di¤erent countries in an out-of-sample forecast exercise. Our up-to-date knowledge on international yield curve dependencies is very limited, and essentially relies on previous anecdotal evidence of dependency patterns among yields of speci…c maturities across di¤erent countries. This paper investigates the existence of such patterns for the whole yield curve in a most robust way, i.e. by means of an out-of sample forecast. A three country setting is adopted, where each country has its own (domestic) yield curve representation, summarized into level, slope and curvature factors. International information can enter in the forecasting phase. This methodology generates two forecasting models, the international one, where information from foreign yield curves is allowed to enter in the forecast of the domestic yield curve and the domestic one, where only domestic information feeds into the forecast of the domestic yield curve. We compare the forecasting accuracy of these models against each other (and against the random walk).
The methodology employs a dynamic factor model and ML estimation techniques based on the EM algorithm and the Kalman …lter to estimate and forecast the di¤erent model speci…cations. The combination of the EM algorithm and the Kalman …lter allows e¢ cient estimation of the model using a large number of variables and successfully restricting factor loadings to identify yield factors as L, S and C.
This methodology improves the competitive edge of the paper, because it allows the generalization of results to the whole yield curve, it enables us to handle a large data set and to extend the analysis to more than one countries within a nested model framework.
Results suggest the existence of non-contemporaneous international linkages strong enough to improve yield curve forecasts for certain countries. More precisely, the international model works particularly well for the German case. In the UK, international information from Germany and the US helps at longer forecast horizons, whereas the US appears to be impervious to transatlantic developments. The results of this paper are broadly in line with previous anecdotal evidence on the leading role of the US interest rates and the lagging pattern of German interest rates.
Overall, this paper presents a novel methodology to address the topical question of whether interna-this by investigating whether adding international information can further help forecast the domestic yield curve. In so doing, it extends the international yield curve forecast literature towards forecasting and records, for the …rst time, dependency patterns for the whole yield curve. Under this light, this paper empirically supports a more outward-looking perspective in modeling …nancial variables. Notes: The tables present bootstrapped p-values derived for h = 1; 6 and 12 steps ahead and maturities m = 1 to 10 from three di¤erent tests: The White's "reality check", where the international model ("All") is tested against the domestic and the random walk ("RW") and two pairwise bootstrap exercises where the RW and the domestic model are tested versus the international model. In Table 4 the domestic country is considered to be Germany ("GE") and in Table 5 the US ("US").The null hypothesis states that none of the alternative speci…cations has superior forecast accuracy than the benchmark. 
